We review recent work on the strong CP problem in the context of realistic stringinspired models. We discuss the various solutions, review the conjecture that CP is generally a gauged discrete symmetry in string theory and then consider models of the Nelson-Barr type. We note that squark non-degeneracy spoils the NelsonBarr structure at the one loop level. We stress that string theory expectations, as well as naturalness arguments, make it very difficult to avoid the constraints on non-degeneracy.
The strong CP problem is well known. In a CP non-invariant theory there is an additional operator, proportional to a parameter θ, which leads to a large contribution to the neutron electric dipole moment. By comparison to the experimental data, it is found that θ must be less than ∼ 10 −9 . There are two contributions to θ: a bare value, present in theories with explicit CP violation, and a contribution proportional to the overall phase of the mass matrix of the coloured fields, θ QF D ∼ arg Det m. That there is no reason for these two contributions to combine to leave such a small remainder constitutes the strong CP problem.
There are three well known solutions to the strong CP problem. The first scenario simply has no observable θ-parameter. This arises, for example, when m u = 0. This solution however is manifestly inconsistent with lowest order chiral perturbation theory, [1] which gives m u /m d ≃ 0.5. Recently however it has been suggested that an ambiguity at next-to-leading order may allow a zero up-quark mass. This subject is at best controversial, and we will refrain from commenting further on it here, except to note that such a solution to the strong CP problem would be relatively easy to implement; the required symmetry structure is very simple.
The second solution to the strong CP problem has been discussed extensively. Given a spontaneously broken anomalous symmetry (the Peccei-Quinn symmetry), θ may be dynamically relaxed to zero through the vacuum expectation value of the axion. [2, 3] The axion solution is tightly constrained by astrophysical and cosmological considerations. [4] In the context of string theory, there are many potential sources of axions. [5] It is well known that the gravity supermultiplet gives rise to a model-independent axion, which couples universally to all of the gauge groups of a given four-dimensional model:
The problem with this axion is that its decay constant is of order the string scale, much larger than that required by the usual cosmological arguments.
Other axions may arise from other sources, depending upon the particular compactification studied, such as from internal components of the antisymmetric tensor field. However, the associated PQ symmetries are generally violated [6] by worldsheet non-perturbative effects and thus the associated axions are inappropriate for the strong CP problem.
In the presence of an 'anomalous' U(1) in the spectrum of a string model, there is an interesting effect on the model independent axion. The anomaly is cancelled by the transformation of a Green-Schwarz term:
Thus the associated gauge boson, A, gains mass by eating the model independent axion. The local U(1) symmetry is therefore broken and the model-independent axion is no longer present in the spectrum. However, there is a remaining global U(1) symmetry, which is spontaneously broken. There is always an associated FayetIliopoulos D-term [7] present; in general there exists a supersymmetric vacuum in which the D-term is cancelled by vev's of some charged scalar fields. This breaking of the global symmetry leads to a new axion with decay constant of order the scalar vev; perhaps, it may thus be possible to attain a decay constant at much smaller scales.
Even if an appropriate axion can be found, there are additional problems. First, if other gauge groups become strong at a high scale, the axion potential will be dominated by instanton effects of this gauge group and the QCD θ angle will not generically be cancelled. This will happen for example, in models in which gaugino condensation occurs. Essentially, one axion is necessary for each strong gauge group.
In addition to this problem, it is widely believed that quantum gravitational effects, such as from black holes or wormholes, lead to violations [8] of global symmetries (such as PQ symmetries) through higher dimensional operators whose scale is set by the Planck mass. Such operators give direct contributions to the axion potential and lead to a minimum away from θ = 0 unless they can be suppressed through some very high dimension. It is known [9] that this may occur accidentally in some models: an array of gauge and discrete symmetries can be constructed such that an approximate PQ symmetry exists which ensures a sufficiently small θ. This mechanism is perhaps the most likely axion scenario within the context of string theory, though we note the rather delicate symmetry structure involved.
Given the problems outlined above, it is natural to consider the third solution to the strong CP problem, the Nelson-Barr mechanism. [10] In this scenario, one supposes that CP is a good symmetry of the underlying theory, but is spontaneously violated. In this case, the bare value of θ is zero and one arranges things so that the tree level mass matrix is complex but possesses a real determinant. The game is then to race against perturbative corrections to keep θ small enough. The scale of CP violation should be low enough that higher dimensional operators not spoil the structure of the theory; we will take this to be roughly of order 10 11 GeV, a scale which can be naturally generated in string models (given m susy ∼ TeV).
It is this scenario that we will explore in the context of string-inspired models in this paper. To begin however, we will make a few remarks concerning CP as a spontaneously violated symmetry.
CP as a Spontaneously Violated Symmetry
It is not at all obvious a priori that the Nelson-Barr mechanism can be implemented in string theory. We must first argue that CP can be a spontaneously violated symmetry. Until recently it was quite possible that CP was simply not a good symmetry (it could for example have been violated by non-perturbative effects). However, it turns out that CP is an example of a gauged discrete symmetry. Because of this it is protected from all manner of violation, whether non-perturbative stringy phenomena or otherwise (such as quantum gravitational effects). The fact that it is seen to be violated in our low energy world must then be a consequence of spontaneous breakdown, perhaps through complex vev's of heavy scalar fields.
In fact it is possible to demonstrate [11] the gauge symmetry that gives rise to the four-dimensional CP symmetry in a wide range of simple string compactifications. In ten-dimensions, the heterotic string theory possesses no parity symmetry as the theory is chiral. There is however a charge conjugation symmetry which can easily be seen to be equivalent to an SO(32) (or E 8 × E 8 ) gauge transformation. In the simplest toroidal compactifications, the four dimensional theory is nonchiral; a parity symmetry can be constructed which has just the right transformation properties on the states. It is a proper (ten-dimensional) Lorentz transformation. Four-dimensional charge conjugation is a combination of the aforementioned gauge rotation and a proper Lorentz transformation.
Thus in these simplest of theories, both C and P can be thought of as gauge symmetries: they arise as combinations of ordinary gauge and general cooordinate transformations. For suitable values of moduli, many other compactifications possess a gauged CP symmetry. It is reasonable to conjecture, as a general property of string theory, that CP is indeed a gauge symmetry.
If this is true, CP can be violated by complex expectation values of fields. In the remainder of this paper we will suppose that CP is spontaneously violated by complex expectation values of observable sector matter fields at a relatively low scale (∼ 10 11 GeV). In many models, CP might be violated by complex vev's of hidden sector fields or moduli. There is little hope that this could give rise to a successful implementation of the Nelson-Barr mechanism, and we will simply assume that this is not realized in the models of interest. We will see that Nelson-Barr models quite generically have severe problems; the origin of these problems is in the soft supersymmetry breaking (supergravity) sector.
One Loop contributions to θ
In supersymmetric models of spontaneous CP violation where one has arranged the vanishing of θ at tree-level, there are a variety of possible contributions to θ at one-loop order. These are given by
δm u,d represent the one-loop corrections to the tree level quark mass matrices, m u,d , andm 3 is the gluino mass including one-loop contributions. The dominant contributions at one-loop will come from gluino-squark or quark-squark exchange, respectively. In order to analyze these quantities, we first need to make a few more stipulations about the underlying model. To obtain vanishing θ at tree level [12, 13] the tree level gluino mass must be real (a non-zero phase represents a contribution to θ). All terms in the Higgs potential must also be real. To accomplish this we assume, as discussed above, that supersymmetry breaking dynamics do not spontaneously break CP, so that at some large scale the theory is completely CP-invariant and, in particular, all soft supersymmetry breaking terms are real. The supersymmetric Nelson-Barr model that we will consider is defined as follows: in addition to the usual quark and lepton families, we have an additional pair of isosinglet down quark fields, q andq, as well as some singlet fields, N i and N i . It is straightforward to consider models with several q andq fields, and with additional types of singlets. The terms in the superpotential which give rise to the quark mass matrix are *
(the terms in the superpotential involving u quarks and leptons will not be important for our considerations). I should mention here that one framework for obtaining such a mass matrix is suggested by E 6 models, such as those which often appear in superstring theories. [14] In these models, generations of quarks and leptons arise from the 27 representation, as could the q andq fields (as members of the 10 of SO (10)). Given the couplings above, the fermion mass matrix has the Nelson-Barr structure:
where m d = λ d H 1 and the vector a is defined as:
If the N fields have complex vev's, CP is spontaneously broken, but nevertheless the determinant of m F is real. In these expressions, µ and M D are of order the intermediate scale.
† We note that in the limit in which we integrate out the heavy modes, the phases in a lead to an unsuppressed CKM phase (as long as µ ∼ M D ). Since the dominant one-loop graphs involve squark exchange, the form of the scalar mass matrices is of particular interest. Consider first the φφ * type terms. For the squarks in the 3 representation of SU(3) , these take the form, on the full 4 × 4 set of states:
Similarly, for the3 squarks, we have:
(8) * Qq terms can be forbidden via either gauged U (1) or discrete symmetries. † µ may itself be proportional to the real vev of some other scalar field. Plausible mechanisms have been suggested for obtaining such vev's. In particular, in "intermediate scale scenarios," it has been noted that the N fields can readily obtain vev's of order m I = √ m 3/2 m P l .
Finally, for the φφ-type matrix, which connects the 3 and3 squarks, we have
where µ H is the real coefficient of the H 1 H 2 term in the superpotential, and M 5 and b are defined by
Note that b receives contributions from both soft terms as well as F -terms and in general b is not proportional to a. In fact b is of the utmost importance to our discussion. From the form of the mass matrices given above, it can be seen that there is mixing of light with heavy states that will lead to effects unsuppressed by inverse powers of the heavy mass scale
unless a detailed constraint is satisfied. This constraint is
We will see the disastrous effects of this potential non-decoupling in the following. In a general supergravity setting, the matricesm 
with δm 2 small ‡ compared to m 2 susy . We will find in the following discussion that the constraints on these quantities from θ are much stronger than from FCNC's.
Let us now ask how severe are the constraints arising from the smallness of θ. First consider the gluino mass diagram shown in Fig. 1 . ‡ To be more precise, the sd components are bounded at the 10 −2 or 10
If the heavy eigenstates are not decoupled (see discussion above) then θ gets a potentially large contribution [13] from:
Indeed, this diagram leads to the requirement that the phases of the vectors a and b line up to about one part in 10 −7 . Certainly the simplest way to satisfy this is b = a; we will assume this to be the case in the remainder of this section. Later we will investigate this condition and argue that it is not natural.
The light fermion contributions to the gluino mass lead to a weaker limit on proportionality. If A d is not proportional to the unit matrix, one will obtain a complex result, in general. This will give a limit suppressed by powers of the b-quark mass over the susy-breaking scale:
More significant limits arise from the graph of Fig. 2 . From one proportionality violating insertion and one degeneracy violating insertion we obtain:
and
From Fig. 2 , with two degeneracy-violating insertions, we find contributions to θ of order:
which lead to the constraints
Non-degeneracies also lead to a contribution of order
(20)
We note that Eqs. (17) and (20) vanish in the limit in which Eq. (12) is satisfied but Eqs. (16) and (18) represent large contributions independent of this.
Discussion
Given these bounds on parameters, we must ask how natural it is to expect that they are satisfied. The strongest constraint comes from b = a. One notes from the definitions of these vectors that they are apparently unrelated. There is one possibility: that the minimum of the vacuum energy occurs at such values of the fields so that (see Eq. 10)
From a careful study of this minimization problem, one can show that such relations can only hold within a supergravity theory with minimal Kähler potential: any nondegeneracy at greater than a part in 10 7 , such as in the mass matrix of the N fields, will show up as θ > 10 −9 . The degeneracy and proportionality constraints require satisfying limits on δm To see what this means, recall the supergravity induced potential:
with
If we assume that supersymmetry is broken in a hidden sector, there are two sets of fields: z i , responsible for supersymmetry breaking, and the "visible sector fields," y i , with
Universality [15] is the assumption that there is an approximate U(n) symmetry of the Kähler potential, K, where n is the number of chiral multiplets in the theory. Frequently one takes simply K = φ Clearly, this is an extremely strong assumption. The Yukawa couplings of the theory exhibit no such symmetry. It does not hold, for example, for a generic superstring compactification, where the symmetry violations are simply O(1). It is these violations of universality that lead to non-degeneracy and non-proportionality in the scalar mass matrices. We can characterize the violations of universality quite precisely. For small y, we can expand K in powers of y. Rescaling the fields, we can write
There is no reason, in general, why ℓ ij should be proportional to the unit matrix, so the zz * components of the metric will contain terms involving y i y * j which are nonuniversal. Plugging into Eq. (22) yields non-universal mass terms for the visible sector fields. In general, there is no symmetry which can forbid these couplings; for example, ℓ = z * z cannot be eliminated by symmetries. Violations of proportionality arise in a similar manner.
We can discuss the likelihood of enjoying the required universality on two fronts. Recently the soft supersymmetry breaking sector that might arise in string theory has been analyzed. [16] It is found that if the dilaton F -term dominates supersymmetry breaking, then the supergravity is minimal, with a Kähler potential given by Eq. (25). However, the analysis is valid at string tree level only; non-universal corrections are expected at order α str /π. Furthermore, in models of gaugino condensation, this does not happen anyway; supersymmetry breaking is instead dominated by F-terms of moduli. Since, unlike the dilaton, moduli are non-universally coupled the Kähler potential is in principle the most general real functional allowed by gauge invariance, as in Eq. (26). In either case, it is certainly true that the high degrees of degeneracy and proportionality necessary for the Nelson-Barr mechanism are very difficult to understand (at least without some detailed theory of flavor).
Apart from string theory, we can give general arguments based on naturalness (in the sense of 't Hooft [17] ) for the expected size of non-degeneracy. In Nelson-Barr theories, as in those studied above, there are typically coloured fields that live in different representations of the gauge group. Hence we can really not expect that universality holds (at the Planck scale) to better than the order of gauge couplings. For fields in the same representation, we expect universality to be violated by powers of Yukawa couplings. To avoid this, it would be necessary to have a complicated arrangement of flavor symmetries. As yet, we have been unable to find an example.
Let us now put these naturalness and stringy arguments aside and simply insist upon minimal supergravity at the Planck scale; we can then ask whether or not renormalization group effects lead to a large θ. The answer to this question is that quite generically, θ is in fact too large. There is however one case where this can be avoided: if there exist no gauge symmetries that distinguishd fromq, then θ can be small enough if we require a rather mild condition on the couplings γ ij .
Alternatively, one can ask whether or not there is some (small) range of parameters for which θ is small enough. One could, for example, try to exploit the fact that M D ≪ µ would suppress all of the above contributions to θ. Unfortunately, this strategy is limited by the fact that the induced KM phase or the phase entering the SUSY box graph would be of order M 2 D µ 2 and so this ratio must be >10 −2 in order to generate large enough ǫ.
Thus we are left with the strong feeling that the Nelson-Barr mechanism is very hard to implement in supersymmetric string-inspired models. If it is to succeed at all, a great deal of knowledge of flavor symmetries would be necessary. Certainly such symmetry would be very complicated, and one wonders if such a solution is really satisfactory at all. The m u = 0 solution or even the automatic axion scenario are likely to be much easier to attain.
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